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a b s t r a c t
We consider a Kirchhoff type nonlinear static beam and an integro-differential convolution
type problem, and investigate the effectiveness of the Optimal Homotopy Asymptotic
Method (OHAM), in solving nonlinear integro-differential equations. We compare our
solutions via the OHAM, with bench mark solutions obtained via a finite element method,
to show the accuracy and effectiveness of the OHAM in each of these problems. We show
that our solutions are accurate and the OHAM is a stable accurate method for the problems
considered.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Differential equations are one of the corner stones ofmodelling inmost scientific and engineering applications; employed
to model innumerable nonlinear phenomenon for instance in solid state physics, nonlinear optics, plasma physics, fluid
dynamics, mathematical biology and chemical kinetics. However, the complexity of the equations requires the use of
numerical methods in most cases. Perturbation methods have come to be considered as classical in solving such problems,
specifically those that contain small parameters and therefore valid only for weakly non-linear problems. These techniques
are very effective in computing solutions, but the small parameter assumption, greatly restricts their applications.
In the last decade, a new breed of perturbation methods has emerged which is loosely based on Poincare’s homotopy
applied in topology. The most fundamental work was done by Liao in 1992 with the introduction of the Homotopy Analysis
Method (HAM) [1]. This was followed by the work of He in the form of the Homotopy Perturbation Method (HPM) [2] in
1998. Both methods were successful in solving non-linear problems in science and engineering [3–6].
Recently, Marinca et al. [7] introduced a newmethod known as the Optimal Homotopy Asymptotic Method (OHAM). The
advantage of the OHAM lies in the built in convergence criteria which are more flexible than for instance in HAM. In a series
of papersMarinca et al. [8–10] have applied this method successfully to obtain the solution of currently important problems
in science and engineering, and have also shown its effectiveness, generalization and reliability.
The aim of our work is to investigate the effectiveness of the OHAM in solving nonlinear integro-differential equations.
To this effect we consider two model problems in engineering: the static beam problem proposed by Woinowsky-
Krieger [11] and an integro-differential equation with convolution, with applications in electrical engineering. In both cases
we demonstrate the accuracy of our results by a comparison to a bench mark solution attained using finite elements.
The structure of the paper consists of a section outlining the OHAM followed by the formulation of the static beam
problem.We present a benchmark solution in the next section and the solution using the OHAM and an error analysis of the
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method. This is followed by the formulation of the integro-differential equation with convolution. We follow this with the
benchmark solution, OHAM solution and error analysis.
2. Formulation of the Optimal Homotopy Asymptotic Method (OHAM)
In this section, we look at the basic idea of the OHAM. We start by classifying the equation to be solved into various
components, i.e.,
L (u(x))+ N (u(x))+ g(x) = 0, B

u,
du
dx

= 0 (1)
where x denotes the independent variable, u(x) is an unknown function, g(x) is a known function, L is a linear operator, N
is a non-linear operator and B is a boundary operator. Next we introduce p ∈ [0, 1] as an embedding parameter, such that
we get the following family of equations:
(1− p)[L(φ(x, p))+ g(x)] = H(p)[L(φ(x, p))+ g(x)+ N(φ(x, p))]
B

φ(x, p),
dφ(x, p)
dx

= 0, (2)
where φ(x, p) is an unknown function, and H(p) is a non-zero auxiliary function for p ≠ 0 given as
H(p) = pC1 + p2C2 + p3C3 + · · · (3)
where H(p) = 0 if p = 0, and where C1, C2, C3, . . . are constants which we will compute later. We note here that some new
advances in the choice of the function H(p) can be found in [12]. From Eq. (2), when p = 0 and p = 1, we have
φ(x, 0) = u0(x), φ(x, 1) = u(x) (4)
respectively, which means that as p increases from 0 to 1, the solution φ(x, p) varies from u0(x) to u(x). If we put p = 0 in
Eq. (2), then
L (u0(x))+ g(x) = 0, B

u0(x),
du0(x)
dx

= 0. (5)
Combining (3) and (2) gives us the solution
φ(x, p, Ci) = u0(x)+
−
k≥1
uk(x, Ci)pk, i = 1, 2, 3, . . . (6)
which is the Taylor series of φ(x, p)with respect to p, and where uk(x, Ci) can be defined as
uk(x, Ci) = 1k!
∂kφ(x, p, Ci)
∂pk

p=0
, k ≥ 1, i = 1, 2, 3, . . . , k. (7)
To generate the Zeroth-Order Problem, we simply put p = 0 into Eq. (2), which leads to Eq. (5). Similarly, to generate the
First-Order Problem, we need to differentiate Eq. (2) with respect to p and let p = 0. Thus the resultant equation will be1:
L (u1(x)) = C1N0 (u0(x)) , B

u1(x),
du1(x)
dx

= 0. (8)
Following this procedurewe generate themth-Order Problem, by differentiating the (m−1)th-Order Problemwith respect
to p, dividing it bym! and letting p = 0, thus giving us
L (uk(x)− uk−1(x)) = CkN0 (u0(x))+
k−1
j=1
Cj

L

uk−j(x)
+ Nk−j u0(x), u1(x), . . . , uk−j(x) ,
k = 2, 3, . . . , B

uk(x),
duk(x)
dx

= 0
(9)
where,
Nm

u0(x), u1(x), . . . , uk−j(x)
 = 1
(m− 1)!
∂m−1N(φ(x, p))
∂pm−1

p=0
. (10)
It should be emphasized that uk for k ≥ 0 are governed by the linear equations (5) and (8)–(10) with the linear boundary
conditions that are derived from the original problem, and can be easily solved.
1 Another way to calculate the First-Order Problem and the next mth-Order Problems is to substitute Eq. (6) into Eq. (2) and equating the coefficients of
like powers of p.
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The convergence of series (6) depends on the values of Ci. If convergence occurs when p = 1, then we have
u(x, Ci) = u0(x)+
−
k≥1
uk(x, Ci). (11)
Now, the solution of Eq. (1) should be as follows:
u(m) (x, Ci) = u0(x)+
m−
k=1
uk (x, Ci) , i = 1, 2, 3, . . . ,m, (12)
where Cm is a function of x. Substituting Eq. (12) into Eq. (1) results in the expression for the residual, for i = 1, 2, . . . ,m
Rm (x, Ci) = L

u(m) (x, Ci)
+ N u(m) (x, Ci)+ g(x). (13)
If Rm (x, Ci) = 0, then u(m) (x, Ci) will be the exact solution. Yet, since such a case will not exist for most non-linear
problems, then we can minimize the functional
Jm(C1, C2, . . . , Cm) =
∫ b
a
R2m(x, C1, C2, . . . , Cm)dx (14)
where a and b are values that depend on the given problem. To get the values of C1, C2, C3, . . . , we solve the following
equations:
∂ Jm
∂C1
= ∂ Jm
∂C2
= · · · = ∂ Jm
∂Cm
= 0. (15)
By knowing the values of Ci, we can get an approximate solution for the given problem.
3. Nonlinear static beam problem
Woinowsky-Krieger [11] proposed a model for the deflection of an extensible beam with hinged ends:
utt + EI
ρA
uxxxx −

H
ρ
+ E
2ρL
∫ L
0
u2xdx

uxx = 0 (16)
where u(x, t) is the deflection of the beam (out-of-plane displacement) and where H, E, ρ, I, A and L represent respectively
the tension at rest, Young’s elasticity modulus, density, cross-sectional moment of inertia, cross-sectional area and length of
the beam. Eq. (16) is often known as the Kirchhoff type equation for a dynamic beam since Kirchhoff was the first to introduce
the nonlinear term in the equation.
In this paper, we are interested in providing a semi-analytical solution for the stationary problem (17) associated with
Eq. (16) defined as
u(4)(x)− u′′(x)−
∫ 1
0
(u′(ξ))2dξ

u′′(x) = 1, 0 < x < 1 (17)
with
u(0) = u(1) = 0, u′′(0) = u′′(1) = 0 (18)
where u(x) represents the static deflection of the beam. Several numerical solutions have been attained for the problem
(cf. [13–15]) over the years. Of course our objective is to solve (17)–(18) using the Optimal Homotopy Asymptotic Method
(OHAM). In the succeeding subsections, we will present a bench mark solution and the solution using the OHAM.
3.1. Finite element benchmark solution
Weapply the Finite ElementMethod (FEM) to the static beamproblem (17)–(18).Weuse a uniformmeshwith1x = 0.01
and degree of approximation p = 4. Therefore, based on the well-known finite element analysis result with an L2-rate of
convergence, we proceed with
‖u− UFEM‖L2(0,1) = O(1xp+1) (19)
where u is the solution of (17)–(18), and UFEM the associated FEM solution and
‖f ‖L2(0,1) =
∫ 1
0
f 2dx
 1
2
.
This leads to the following order of accuracy
‖u− UFEM‖L2(0,1) = O(10−8). (20)
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3.2. OHAM solution and error analysis
We start by setting up the problem as shown in Section 2 applied to (17)–(18), hence we assume that
L(u(x)) = u(iv) − u′′ (21)
N(u(x)) = −
∫ 1
0
(u′(ξ))2dξ

u′′ (22)
and
g = −1. (23)
Thus by using (2), we have
(1− p) φ(iv)(x, p)− φ′′(x, p)− 1 = H(p) [φ(iv)(x, p)− φ′′(x, p)− 1− ∫ 1
0
(φ′(ξ , p))2dξ

φ′′(x, p)
]
, (24)
φ(0, p) = φ(1, p) = 0; φ′′(0, p) = φ′′(1, p) = 0.
Using (24), we can generate a series of problems, the first of which is obtained when we let p = 0, known as the zeroth-
order problem given as
uiv0 (x)− u′′0(x) = 1, 0 < x < 1
u0(0) = u0(1) = 0, u′′0(0) = u′′0(1) = 0. (25)
Solving we get
u0(x) = cosh(x)+ 1− cosh(1)sinh(1) sinh(x)− (1/2)x
2 + (1/2)x− 1.
Similarly, we can obtain the first-order problem
uiv1 (x)− u′′1(x) = −C1
∫ 1
0
(u′0(ξ))
2dξ

u′′0(x), 0 < x < 1
u1(0) = u1(1) = 0, u′′1(0) = u′′1(1) = 0, (26)
which we solve to obtain
u1(x) = C148

−2(−83− 70e+ 37e
2)x2
(1+ e)2 − e
x (−83− 70e+ 37e2)(−5+ 2x)
(1+ e)3
− e−x (−83− 70e+ 37e
2)(−5e− 2ex)
(1+ e)3 + e
x−249+ 625e+ 239e2 − 185e3
(1+ e)4
+ e−x−83e− 319e
2 − 173e3 + 111e4
(1+ e)4

+ C1 (83+ 70e− 37e
2)(4− x)
6(1+ e)2 . (27)
Therefore, the first-order solution according to the OHAM is
u(1)(x) = u0(x)+ u1(x). (28)
By minimizing the residual operator J1(C1) =
 1
0 R
2
1dx shown in Fig. 1 with respect to C1, i.e.,
∂ J1
∂C1
=
∫ 1
0
2R1
∂R1
∂C1
dx = 0
we get
C1 = −0.999808.
In Fig. 2, we present the Finite Element and the OHAM solutions. We note that both solutions are very close and since the
FEM solution is in fact a bench mark, it reflects that the OHAM is producing an accurate solution of the problem.
Table 1 illustrates the L2-norm of the error in the zeroth-order and first-order solutions. We can see that the error is
decreasing with respect to the order of the OHAM solution, thus indicating convergence to the solution.
4. An integro-differential equation with convolution
Integro-differential equations with a convolution term arise in, but not limited to, modelling of flows through fissured
media [16], modelling the prediction of the spread of an epidemic [17], and many other engineering physical and biological
problems.
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Fig. 1. The residual of the OHAM solution for the static beam problem.
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Fig. 2. The finite element and the OHAM solutions for the beam problem.
Table 1
TheL2-norm of the error of the zeroth-order and first-
order solutions for the beam problem.
‖R0‖L2(0,1) 0.0000428539
‖R1‖L2(0,1) 1.34707× 10−10
In this section, we formulate a sample problem of an integro-differential equation containing a convolution term. The
problem is defined as
u′′(x)− u(x)+ u ∗ u(x) = f (x), 0 < x < 1 (29)
u(0) = 1, u(1) = 1
e
(30)
where
u ∗ u(x) =
∫ x
0
u(x− ξ)u(ξ)dξ .
To facilitate the error analysis we choose f (x) = xe−x which provides an exact solution
u(x) = e−x.
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Table 2
The L2-norm of the error of the zeroth-order and first-order
solutions for the convolution type problem.
‖R0‖L2(0,1) ‖R1‖L2(0,1) ‖E0exact‖L2(0,1) ‖E1exact‖L2(0,1)
0.266583 0.00499382 0.0233811 0.0001938
5. OHAM solution and error analysis
We start, as done earlier, by setting up the problem as shown in Section 2 applied to (29)–(30), hence we assume that
L(u(x)) = u′′ − u (31)
N(u(x)) =
∫ x
0
u(x− ξ)u(ξ)dξ (32)
and
g = −xe−x. (33)
Thus by following (2), we have
(1− p) φ′′(x, p)− φ(x, p)− xe−x = H(p) [φ′′(x, p)− φ(x, p)− xe−x + ∫ x
0
φ(x− ξ, p)φ(ξ, p)dξ
]
, (34)
φ(0, p) = φ(1, p) = 0; φ′′(0, p) = φ′′(1, p) = 0.
Using (34), we can generate a series of problems, the first of which is obtained when we let p = 0, known as the zeroth-
order problem given as
u′′0(x)− u0(x) = xe−x, 0 < x < 1
u0(0) = 1, u0(1) = 1e . (35)
The solution of the zeroth-order problem is
u0(x) = −18 (1+ 2x+ 2x
2)e−x +

1
2(e2 − 1)

ex +

9e2 − 13
8(e2 − 1)

e−x. (36)
Similarly, to get the first-order solution, we need to solve the following problem
u′′1(x)− u1(x) = C1u0 ∗ u0(x), 0 < x < 1
u1(0) = 0, u1(1) = 0. (37)
Thus
u1(x) = C15760(−1+ e2)2

e−x
−1755+ 1620e2 − 405e4 + 1080e2x − 540e2+2x
+ (−3510+ 3240e2 − 810e4 − 2160e2x + 1080e2+2x)x
+ (−1710+ 2160e2 − 810e4 + 360e2x)x2 + (780− 1200e2 + 420e4)x3
+ (150− 240e2 + 90e4)x4 + (−9+ 18e2 − 9e4)x5 + (−1+ 2e2 − e4)x6
− C1−269+ 190e
2 − 29e4
288(−1+ e2)3 e
x − C1 1211− 1111e
2 + 413e4 − 81e6
1152(−1+ e2)3 e
−x. (38)
Therefore we obtain the first-order solution as
u(1)(x) = u0(x)+ u1(x) (39)
where C1 = −1.06654 resulted from minimizing the residual functional J1 shown in Fig. 3 with respect to C1.
In order to discuss the resulting solution, we introduce the exact error as
Enexact = ‖uexact − u(n)‖L2(0,1).
Table 2 presents theL2-norm of the error raised by the zeroth-order and the first-order solutions. We can see that the error
is decreasing with respect to the order of the OHAM solution. In Fig. 4, we present the exact and the OHAM solutions. We
note that both solutions are very close and it reflects that the OHAM is producing an accurate solution of the problem.
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6. Conclusion
We have attempted to demonstrate the accuracy and ease of use of the Optimal Homotopy Asymptotic Method (OHAM).
This is the latest in a series of methods based on Poincare’s Homotopy in algebra. The intent of this work is to confirm
the capability of the OHAM for solving nonlinear integro-differential equations. We have solved two examples of integro-
differential problems. Our results demonstrate that the OHAM is accurate, efficient and easy to use.
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